We calculate the non-symmetrized finite-frequency NS-FF noise for a single-level quantum dot connected to reservoirs in the spinless non-interacting case. The calculations are performed within the framework of the Keldysh Green's function formalism in the wide band approximation limit. We establish the general formula for NS-FF noise for any values of temperature, frequency and bias voltage. The electron transfer processes from one to the other reservoir act via the transmission amplitude and transmission coefficient depending on the energy. By taking the symmetrized version of this expression, we show that our result coincides with the expression of the finite frequency noise obtained by Büttiker using the scattering theory. We also give the explicit analytical expression for the NS-FF noise in the zero temperature limit. By performing numerical calculations, we finally discuss the evolution of the NS-FF noise spectrum when varying temperature, dot energy level, and coupling strength to the reservoirs, revealing a large variety of behaviors such as different symmetry properties and changes of sign in the excess noise.
I. INTRODUCTION
Many recent experimental and theoretical studies are focused on the finite-frequency noise in nanoscopic systems. Conventionally, it is the symmetrized noise which is measured and calculated. This quantity is defined as the sum of two distinct spectral densities, wherein each of two contributions corresponds to a NS-FF noise, called emission noise and absorption noise respectively according to the sign of the frequency. In practice, it is more interesting to work with the NS-FF noise than with the symmetrized one. This is due to the fact that once the noise is symmetrized, it is no longer possible to separate the two non-symmetrized noise contributions. In other words, it is not possible to identify the absorption noise and the emission noise when one measures or calculates the symmetrized noise at finite frequency. Note that in many experiments, it is the excess noise which is measured. It corresponds to the difference between the noise at non-zero voltage and the noise at zero voltage, and its spectrum is symmetric in frequency in the absence of interaction. In Ref. 1, the two non-symmetrized contributions of the noise are measured separately in a Josephson junction. In the work by Lesovik and Loosen 2 , a measurement scenario was proposed allowing to determine which spectral density is measured. In this scenario, the system is coupled to the detector in an inductive way: the noise is measured through the charge fluctuations inside the LC circuit. The NS-FF noise has been measured also for a quantum point contact 3 at frequencies in the range of 4-8 GHz. The emission and absorption noises have been measured separately using a superconductorinsulator-superconductor junction as a quantum detector, in the quantum regime of a superconducting resonant circuit at equilibrium 4 . In another work, the emission noise was measured for a carbon nanotube quantum dot in the Kondo regime 5 . The study of the finite-frequency noise allows one to reach several properties of the system. In a carbon nanotube connected to leads, in which an electron is injected, the finite-frequency noise correlations allows one to calculate the charge transfer to the reservoirs 6 . The NS-FF noises for a carbon nanotube and for a quantum wire have been calculated in Ref. 7 . The frequency spectrum of the noise shows a strong asymmetry which is directly related to the ac-conductance [8] [9] [10] . The calculation of the finite-frequency noise and its zero-frequency limit in a single-level quantum dot can be found in a certain number of works. In Ref. 11, the authors studied the symmetrized finite-frequency noise and its zero-frequency limit in such a system. The approach used was based on a non-equilibrium Green's function technique. In the same framework, the authors studied the different effects occurring in the resonant tunneling in a mesoscopic system connected to leads under the influence of time-dependent voltages 12 . In a more recent work, the zero frequency noise was calculated for a ferromagnet-quantum dot-ferromagnet system 13 in the presence of Coulomb interaction and coherent spin-flip inside the dot. In a close context to the work developed here, the noise spectra for a quantum dot was studied in the case of finite bias voltage 14 . Furthermore, in Ref. 15 , the authors calculated the noise for a many-level quantum dot coupled to reservoirs and studied its dependence on the interaction strength, the coupling to the leads and the chemical potential. For a different system, the current-current correlators were derived for a tubular two-dimensional gas in the presence of Rashba spin-orbit interactions 16 . In this paper we study a single-level quantum dot connected to two reservoirs in the spinless non-interacting case. We focus on the calculation of the NS-FF noise in the left reservoir. In the Sec. II, the model is presented in detail. The Hamiltonian and the different methods used in the calculation are explained. Then, in Sec. III we expose the main result which is the expression of the NS-FF noise in the left reservoir and derive its limit cases. We confront the results that we have obtained with the formulas existing in the literature in some limit cases. In Sec. IV, we plot the spectral density of the finitefrequency noise varying the parameters of the problem. We conclude in Sec. V.
II. MODEL
We consider a single-level quantum dot as depicted in Fig. 1 . The Hamiltonian is the sum of four contributions, H = H L + H R + H T + H dot , which are respectively the Hamiltonian of the left and right reservoirs, the transfer Hamiltonian and the Hamiltonian of the dot. These expressions read as
The c † k,α and c k,α are respectively the creation and annihilation operators in the reservoirs. The d † and d are respectively the creation and annihilation operators in the dot, ε k,α is the energy of an electron with momentum k in the reservoir α, V k,α is the transfer matrix element between the corresponding states, and ε 0 is the dot energy level. In this work, we neglect the Coulomb interactions between electrons in the dot. This is valuable when at least one of the characteristic energies of the problem, i.e. dot energy, temperature, voltage or coupling between the dot and the reservoirs, is large in comparison to the Coulomb interactions U , so that the latter can be neglected. Typically U is estimated at about of a few meV in semiconductor quantum dot 17 and carbon nanotube quantum dot 5 . In the non-interacting case, it is not necessary to consider the spin degree of freedom.
To calculate the noise in such a system, the most popular approach is the scattering theory developed by Büttiker (see Ref. 18 for a review). Here, we use an alternative approach based on the use of the nonequilibrium Green's function technique 11 . It has the advantage to give results identical to the ones of the scattering theory in the non-interacting limit and it can be used in the future as a starting point to treat interacting systems.
We focus on the calculation of the finite-frequency noise in the left reservoir. The finite-frequency noise in the right reservoir and the cross-noise can also be calculated in the same way 19 . Note that when both finitefrequency and non equilibrium are considered, the finitefrequency noises in the left and right reservoirs respectively differ from each other. The non-symmetrized finite frequency left noise is defined from the current-current correlation function such as
where
, the electron number operator in the left reservoir. Within this definition of S LL (ω), the emission spectrum is observed at positive frequency, whereas the absorption spectrum is observed at negative frequency. Note that if one considers an alternative definition of finite-frequency noise, i.e.,
, the noise spectrum is reversed: emission would be obtained at negative frequency and absorption at positive frequency.
We now give the derivation of S LL (ω) in the situation of a single-level quantum dot connected to two reservoirs. We emphasize that the first part of the demonstration below until Eq. (13) included, is completely general and holds even in the presence of interactions in the dot. The current operator in the left reservoir is given by
Substituting the later expression for the current operator in Eq. (5), the noise S LL (t, t ′ ) can be written as
, with i ∈ [1, 4] , are the greater two-particle Green's functions mixing reservoir and dot
In order to describe the system under out of equilibrium conditions, it is more convenient to introduce the contour-ordered counterpart of G (t, t ′ ) can then be viewed as the greater components of the corresponding contourordered two-particle Green's functions
In the same way, we introduce the contour-ordered counterpart of S LL (t, t ′ ), denoted as S LL (τ, τ ′ ). We now need to rewrite the Hamiltonian in the interaction representation. Using a S-matrix expansion, one can rewrite the current-current correlator in the interaction representation, where 11 :
whereH T is the transfer Hamiltonian written in the interaction representation and T C is the time ordered operator along the Keldysh contour C. After some technical transformations, we find
where g k,L (τ, τ ′ ) is the bare contour-ordered one-particle Green's functions in the left reservoir, G(τ, τ ′ ) the contour-ordered one-particle Green's functions in the dot, and G dd,> i (τ, τ ′ , τ 1 , τ 2 ) are the contour-ordered twoparticle Green's functions in the dot defined such as
Let us emphasize that Eq. (13) has been obtained without using any approximation. It forms the starting point for the calculation of the NS-FF noise for a large variety of systems; it still holds in the presence of Coulomb interactions in the dot as we have stressed above. It expresses the noise as a function of the full two-particle Green's functions in the dot,
, which need to be calculated in the presence of both coupling to reservoirs and interactions. In the rest of paper, we restrict the discussion to the case of a non-interacting quantum dot. In this case the two-particle Green's functions G dd,> i (τ, τ ′ , τ 1 , τ 2 ) can be factorized into a product of two one-particle Green's functions; this corresponds to the Hartree-Fock approximation which is exact in the absence of interaction 11 . Thus
The noise contains two parts:
, a disconnected part which is equal to the square of the average current according to S dis (τ, τ ′ ) = I L 2 and so cancels this term, and a connected part which contains fifteen contributions. Finally the result is
One needs then to replace the contour integrals along the Keldysh contour by real time integrals along the two branches of the contour. This corresponds to an analytic continuation 21 .
In the expression of the finite-frequency noise above, we encounter terms with the following structure
Taking the analytic continuation, one gets
The same procedure can be applied to the fifteen contributions to the noise. To illustrate the procedure, we write the result for one of these contributions
In the same way, each of the fifteen contributions to the noise can be expressed in terms of the greater (or lesser) one-particle Green's functions, g
III. RESULTS
To get the expression of the NS-FF noise, more considerations are needed. First, a Fourier transform is performed on the fifteen contributions to the noise. As an illustration, we consider again here the Fourier transform of Eq. (23) leading to
The next step is to incorporate the expressions of the bare one-particle Green's functions in the left reservoir
where n L (ε) is the Fermi-Dirac distribution function in the left reservoir. We get
where G r (ε) and G a (ε) are the retarded and advanced one-particle Green's functions of the dot respectively, and Γ α (ε) = 2πΣ k δ(ε − ε k )|V k,α | 2 is the coupling strength to the α reservoir.
In the wide flat band limit when the electronic density of states in the α reservoir is assumed to be independent of energy with an infinite bandwidth, and V k,α is independent of k, Γ α (ε) is independent of energy: Γ α (ε) = Γ α . Considering the case of symmetric couplings to reservoirs L and R: Γ L = Γ R = Γ, and making use of the following relations
one finally gets
where f αβ (ε, ω) = n α (ε)[1−n β (ε−ω)], and t(ε), T(ε) are the transmission amplitude and transmission coefficient respectively, given by
To derive Eq. (30), we have used the relation: 2T(ε) = t(ε) + t(ε) * , which is automatically fulfilled in the non-interacting case where t(ε) and T(ε) are given by Eqs. (31) (32) . We point out that the later relation connecting T(ε) and t(ε) is completely general and is still valid in the presence of interactions; it corresponds to the optical theorem arising from the unitarity of the scattering matrix. We emphasize that Eq. (30) is a novel and important result that has been derived using the nonequilibrium Green's function technique. We now confront our result with the results existing in the literature in some limit cases. First, in the perturbation limit (second order with the coupling Γ), only the term involving one-particle Green's function given by Eq. (24) enters into account. According to Ref. 23 , the noise can be expressed in terms of the dc-current. Such a relationship is called the perturbative fluctuationdissipation relation. We get
with N (ε) the Bose-Einstein distribution function and I L is the current given by 11 :
Second, we check that the fluctuation-dissipation theorem is verified at equilibrium when k B T ≫ {eV, ε 0 }. Using the following relation between the ac-conductance G(ω) and the noise asymmetry
and after some manipulations, we find that our results satisfy the fluctuation-dissipation theorem connecting the noise to the ac-conductance at equilibrium in agreement with Ref. 9
Third, we calculate the symmetrized noise which can be obtained from Eq. (30) 
. This expression coincides with the Büttiker formula for the symmetrized finite frequency noise obtained within the scattering matrix theory 18, 24 . However, it does not coincide with the expression given in Ref. 25 in which the term |t(ε) − t(ε − ω)| is missing. This discrepancy disappears when the transmission coefficient and amplitude are both energy independent. Moreover, in the zero frequency limit, we all recover the Büttiker formula for the zero frequency noise 18 :
Fourth, in the zero temperature limit, the functions f αβ (ε, ω) appearing in Eq. (30) become a window function leading to the following result
where Θ(ω) is the Heaviside step function. The result in Eq. (39) is in agreement with the one obtained by Hammer and Belzig 26 in the same T = 0 limit. Notice that since we choose to work with an alternative definition of the noise and a slightly different convention for the voltage to what is used in Ref. 26 , both results differ by a minus sign in front of the variable ω. As far as the absorption noise is concerned, the first two terms in the r.h.s. of Eq. (39) are non-zero at negative frequency, whereas the third term is non-zero for ω < −eV (assuming a positive bias voltage V ). Thus all of these three terms contribute to the absorption noise. Moreover the only contribution to the emission noise comes from the fourth term in the r.h.s. of Eq. (39), which is non-zero when the frequency belongs to the interval [0, eV ]. At zero temperature, the emission noise vanishes when ω > eV . The integrals in Eq. (39) can be performed analytically at temperature equal to zero in the non-interacting case where the transmission amplitude and the transmission coefficient are given by Eqs. (31) and (32) . The result is
and
where we have chosen a symmetric profile for the chemical potentials on either side of the junction, i.e. µ L,R = ±V /2. At finite temperature, the integrals in Eq. (30) can not be performed analytically and one has to perform a numerical integration as done in the next section.
IV. SPECTRAL DENSITY OF THE FINITE-FREQUENCY NOISE
In order to follow the evolution of NS-FF noise as a function of the different parameters, we choose to plot the non-symmetrized excess noise ∆S LL (ω, V ) = S LL (ω, V ) − S LL (ω, 0) as a function of frequency for different values of temperature and coupling strength. In Fig. 2(a) , we plot the spectral density of the nonsymmetrized excess noise at k B T /eV = 0.01 and Γ/eV = 0.01 (low temperature and weak coupling regime) for different values of the dot energy level: ε 0 /eV = 0.01, 0.3, and 100. Fig. 2(b) gives a low-frequency zoom of the solid red line drawn in Fig. 2(a) for ε 0 /eV = 100. The effect of increasing ε 0 is to reduce the excess noise, resulting from the reduction of both t(ε) and T(ε) due to the presence of the ε 0 term in the denominators of the r.h.s. of Eqs. (31) and (32) . As can been seen in Fig. 2(a) , the spectrum profile of the excess noise drastically changes when increasing ε 0 , going from an anti-symmetric to an asymmetric and symmetric behaviors. The excess noise presents a singularity in the vicinity of ω = ±eV /2 (for not too large values of ε 0 /eV ) and vanishes for frequency beyond ω = ±eV / because the system can not emit at frequency larger than the voltage (in absolute value) and because the thermal noise contribution is negligible in the low temperature regime (k B T /eV = 0.01). For large values of ε 0 /eV , the spectrum becomes fully symmetric in frequency, a result easily understood since the system is in the linear response regime when eV is small. The asymmetry observed in the excess noise spectrum for intermediate value of ε 0 /eV = 0.3 (dashed green line in Fig. 2(a) ) is characteristic of systems in a non-linear response regime 8, 9 . The same profile has been found in the case of a one channel conductor coupled to a quantum of resistance 10 . At low ε 0 /eV , the spectrum is found to be anti-symmetric in frequency due to the choice of a symmetric profile of the chemical potentials on either side of the junction, i.e. µ L,R = ±V /2. This dramatic change of the noise spectrum when varying the dot energy level was never noticed before. It is of importance for the acconductance since this quantity is related to the noise asymmetry through Eq. (35). In order to enlighten these latter results, we plot in Fig. 3 the non-symmetrized ex-cess noise as a function of the dot energy level for different values of the coupling strength at small negative frequency. Here also we observe a change from negative sign to positive sign with increasing ε 0 providing that the coupling Γ stays smaller than eV . In Fig. 4 , we plot the spectral density of the nonsymmetrized excess noise as a function of the frequency for different values of the coupling strength, at ε 0 /eV = 0.01 and k B T /eV = 0.01 (low temperature regime). In the weak coupling regime, the excess noise presents a singularity in the vicinity of ω = ±eV /2 and vanishes beyond those values. In the intermediate and strong coupling regimes, this singularity occurs instead at ω = ±eV and the noise drops to zero at ω > eV . Oppositely in the weak coupling regime the noise drops to zero at ±eV /2. In Fig. 5 , we plot the spectral density of the nonsymmetrized excess noise as a function of the frequency for different values of the coupling strength to the reservoirs at k B T /eV = 0.5 (high temperature regime). The singularities in the spectrum observed previously in the low temperature regime are no longer present in the high temperature regime. The obtained values for the excess noise are much higher than the values reported in Fig. 2 due to the thermal noise contribution. The noise spectrum is found to be symmetric in frequency in the low coupling regime (see solid red line); it becomes asymmetric in the intermediate and strong coupling regime (see dashed green and dotted blue lines). At high temperature and in the strong coupling regime, the excess noise may experience a sign change (see dotted blue line) meaning that the noise at zero voltage can exceed the noise at finite voltage due to the thermal noise contribution.
V. CONCLUSION
In this paper, we calculated and discussed the expression of NS-FF noise for a single-level quantum dot. We used the Keldysh formalism to evaluate the currentcurrent correlator and then we performed a Fourier transform to get the expression of NS-FF noise. Our result is consistent with the Büttiker formula of the symmetrized finite-frequency noise obtained using the scattering theory since the symmetrization of our expression gives the formula obtained by Büttiker. Moreover, in the zero temperature limit, our result coincides with that of Hammer and Belzig. Varying temperature, dot level energy and coupling strengths, the profile of the excess noise spectrum reveals a rich behavior: it changes from a symmetric behavior, to an asymmetric or an anti-symmetric behavior. In the latter case, the excess noise exhibits a change of sign when the dot energy level varies.
The direct perspective of this work is the inclusion of Coulomb interactions which play an important role in low dimensional systems, in particular for the noise spectrum 27 which is known to be more sensitive than the conductance. There exists several models to include Coulomb interactions, among them are the Luttinger liquid theory 10, 23 , the interacting resonant level model [28] [29] [30] [31] [32] and the real-time renormalization group method 33, 34 . The approach based on the nonequilibrium Green's function technique that we have presented here constitutes one of the possible ways to tackle this issue.
